We discuss the dynamical polarization with finite momentum and frequency in the presence of many-electron effect, including the screened Coulomb interaction, self-energy and vertex correction. The longitudinal conductivity, screened Coulomb interaction, and the response function are calculated. The behavior of the Dirac Fermions, including the propagation of the charge density which exhibits the causality, affects largely the low-temperature physical properties of the Dirac semimetal, like the silicene. For the polarization-related quantities (like the dielectric function), the method of standard random phase approximation (RPA) provides the non-interaction results (ignore the many electron effect), for a more exact result, we discuss the selfenergy and the vertex correction for the two-dimension Dirac model. We found that, after the self-energy correction, the longitudinal conductivity increase compared to the noninteracting one in optical limit. For the renormalization treatment, the ultraviolet cutoff is setted as Λ = t in our calculations, i.e., within the range between two Van Hove singularities where the density of states divergent logarithmically. The (corrected) screened Coulomb interaction and the response function are also discussed. Our results are helpful to the application of the Dirac materials (or the Weyl semimetal) in spintronics or valleytronics.
Introduction
As it's well known that the dynamical polarization [1, 2] is important to explore the twodimension materials including the two-dimension electron gas (2DEG) in the presence of finite scattering wave vector q and frequency ω (like the Matsubara frequency of the Fermions). It's also important to understand the properties like the screening of the Coulomb potential by the charged impurities, and the dielectric function as well as the optical absorption when under a light field with certain frequency [2] . The many-body effect (many-electron effect) is also related to the retarded polarization function as well as the dielectric function, thus in the following computation, we define ω = ω + i0 + for simplicity. The self-energy effect in the many-electron system is generally important for the system with quasi-one-dimension band, like the graphene, silicene, and genmanene in the M − K region [3, 4, 1, 5, 6, 7, 8] or the black phosphorus in the M − Y region [9] . The ignorance of the electron-interaction effect also leads to the ignorance of the self-energy and the related excitonic effect and the Coulomb potential. The ignorance of selfenergy will cause the underestimation of the band gap and upvaluation of the optical-absorption as we discuss below. More importantly, the method of random phase approximation (RPA) with the interaction correction may underestimates the dielectric function and overestimates the dynamical polarization in the static-limit [10] .
Due to the interaction correction, the charge-density-dependence (of the density of states and plasmon frequency) is rised together with the self-consistently determined screened impurity potential. For the polarization-related quantities (like the dielectric function), the RPA provides the non-interaction result (except the long-range divergence of the Coulomb interaction [11] ) i.e., it underestimates and overestimates the dielectric function for ω < v F q and ω > v F q, respectively [10] , and thus underestimates and overestimates the polarization for ω > v F q and ω < v F q, respectively. For the many-body effect to the dielectric function, the method of scanning tunneling microscopy (STM) can provide a more exact result. Through the lattice Green function (where we compute in the zero temperature limit), the local-field effect (the Hubbard term), which being ignored in the optical limit of the dielectric function, can also be taken into account [11] . In this article, we also discuss the plasmon model dispersions within RPA and the long-wavelength limit, the self-energy correction can also be taken into account by the corrected Fermi velocity (phase velocity) which has been experimentally observed [12] . While the plasmon model in three dimension Weyl semimetal has been discussed in Refs. [13, 14] . Due to the corrected velocity, the linear Dirac spectrum is replaced by the quadratic one in the low-energy regime (small q).
Model
We at first intruduce the low-energy Dirac-Hamilatonian of silicene in tight-binding model, which reads [8, 1, 3, 5, 7, 2] 
where E ⊥ is the perpendicularly applied electric field, a = 3.86 is the lattice constant, µ is the chemical potential, ∆ = 0.46Å is the buckled distance between the upper sublattice and lower sublattice, σ z and τ z are the spin and sublattice (pseudospin) degrees of freedom, respectively. η = ±1 for K and K' valley, respectively. M s is the spin-dependent exchange field and M c is the charge-dependent exchange field. λ SOC = 3.9 meV is the strength of intrinsic spin-orbit coupling (SOC) and λ R 2 = 0.7 meV is the intrinsic Rashba coupling which is a next-nearestneightbor (NNN) hopping term and breaks the lattice inversion symmetry. λ R 1 is the electric field-induced nearest-neighbor (NN) Rashba coupling which has been found that linear with the applied electric field in our previous works [3, 4, 1, 5, 6] , which as λ R 1 = 0.012E ⊥ . We here ignore the effects of the high-energy bands on the low-energy bands. The Dirac-mass and the corresponding quasienergy spectrum (obtained throught the diagonalization procedure) are [8] 
respectively, s = ±1 is the electron/hole index. The Dirac-mass here is related to the band gap by the relation ∆ = 2|m D |.
interaction correction due to the many-electron effect
To take the many-electron effect (the interaction correction) into consideration, we firstly need to introduce the dimensionless nonlocal Coulomb coupling parameter g =
where ǫ = (3.9 + 1)/2 = 2.45 is the static background dielectric constant for the air/SiO 2 surrounding medium of the silicene, and it's found that also fits the result of the bulk graphite in optical limit (long wavelength-limit) [16] . This Coulomb coupling parameter is also much larger than the fine-structure constant. In another generate form, it can also be represented by the ratio between the Coulomb potential and the thermodynamic potential:
where the parameter g s g v = 4 denotes the spin and valley degenerate as we assumed here to sum up all the Fermion species.
In the presence of finite Dirac-mass, the longitudinal conductivity reads
In the optical limit (q → 0) where q is the scattering wave vector by the charged impurities or the polarized vector in the direction identical with the polarized light, the above longitudinal conductivity reads
For the noninteracting case (or with the screened Coulomb potential of the charged impurity), we present in Fig.1 . In the real part of the dynamical polarization, the kink in q = 2k F can be easily found (see also Ref. [2] ), which with nonanalytic singularities in the first derivative of polarization of the two-dimension Dirac materials (in gapped case) or the three-dimension trivial materials, and in the second derivative of polarization of the two-dimension Dirac materials (in gapless case) or the Weyl semimetals [13] . The singularities in these points also leads to the Friedel oscillation of the screened potential, which is much stronger than the one observed in the decay of the density of state due to the scattering [17] .
We also see that, in the case of µ > m ησz τz D
, the longitudinal conductivity is zero in the optical limit (and independent of the photon energy ω). While in the case of µ < m ησz τz D , the longitudinal conductivity is still zero in the intraband single particle excitation regime (i.e., the regime with ω < v F q), but nonzero in the interband single particle excitation regime. Here we note that the sign of the chemical potential unaffects the results of the dynamical polarization as verified in Ref. [14, 18, 19] . In the case of zero band gap and electron-hole symmetry with µ = 0, the longitudinal conductivity can be rewritten as
Fig .2 shows the longitudinal conductivity in optical limit in the presence of background dielectric constant ǫ 0 ǫ = 2.45. We obtained a longitudinal conductivity smaller than the ideal frequency-independent result e 2 /4 = 0.25 (we estimate = e = 1 here) which is predicted by Ref. [20] .
Under the effect of surface reconstruction, the Fermi velocity obtained by renormalization group theory is [10] 
where the high-momentum cutoff Λ here is estimated equal to the intrinsic nearest-neighbor hopping t = 1.6 eV, i.e., the location of the Van Hove singularities in momentum space. The effect of the states within the energy window between Λ and the bandwidth W ≈ 3t = 4.8 eV are taken into consideration within the RPA procedure, but for the logarithmic correction of the dynamical polarization, the states from zero to the Λ are integrated due to the logarithmic divergent of the density of states and the Λ can be estimated as a free parameter (nonuniversal) much larger than the q and ω as shown in the procedure [14, 11, 13] . Sometimes the Λ also estimated as 1 for simplicity as done in Ref. [11] . Here we note that the density of states of Fermi level also related to the charge density n, which acts as
for the twodimension Dirac system, and acts as
for the three-dimension Dirac or Weyl system, where γ is the band parameter which ∼ v F in the case of large charge density [1] . Similar charge density-dependence can be found in the plasmon frequency, which acts as ω p ≈ n 1/2 for bilayer silicene or the 2DEG, and acts as ω p ≈ n 1/4 for monolayer silicene [11] . We can see that the velocity is enlarged by the effect of self-energy (in the absence of scattering of the charged impurity) in small q region where q < Λ, that's in contrast to the effect of the on-site Hubbard interaction [21] as we investigated before [3] . That results in the decrease of the Coulomb coupling, and in weak Coulomb coupling limit g ≪ 1, the momentumdependence is logarithmically decrease while the frequency-dependence is increase. Due to this, the results after the self-energy correction are also independent of the value of ultraviolet cutoff Λ in the optical limit as we discuss below.
Due to the above renormalized Fermi velocity, the absorption of the radiation in optical limit is also been modified, which reads
where α 0 = e 2 2ǫ 0 hc = 1/137.036 is the Sommerfeld fine structure constant, n t is the relative refractive index which can be estimated as 1 here, t is the nearest-neighbor hopping modified by the light field and spreads out over a range of 0.4 eV ∼ 1.09 eV in the absence of interction correction [22] due to the perturbation from small ω (<2 eV) and it's t = 1.6 eV for the ω = 0 case. In the ω → 0 limit, the university absorption of silicene can be obtained as α(0, 0) = 0.0229 [22, 23] . That's also the absorption of many other two-dimension materials of the group-IV, but it's invalid for the three-dimension bulk materials which with a momentumdependent integral on the constant-energy surface [24] around the Dirac-point. Here we note that, a zero-refractive-index phenomenon (and thus with zero dielectric function) can be found in the gapless Dirac-cone [25, 26] which with a infinite phase velocity of light. In such lowfrequency limit, the effect of the interaction correction is very small and hard to observed in experiments. Through the above renormalized Fermi velocity, the corrected optical absorption in small ω regime can be obtained.
We present in Fig.3 the optical absorption after interaction correction. We can clearly see that the linear Dirac-spectrum is missing even in the low-energy. Due to the existence of the self-energy, the optical absorption which is begin from α 0 π in the absence of SOC has a lower rate of increase compared to the one in the absence of self-energy. The density function theory (DFT) calculation result is also shown by the crosses. Note that here we carry out the DFT calculation base on the Quantum-ESPRESSO package [27] , and the wave energy cutoff is setted as 400 eV for the ultrasoft pseudopotential in our calculations.
Coulomb interaction and response function
The high-energy state can screen the Coulomb potential which with the in-plane long-range Hubbard repulsion. Such high-energy state can be found in the Van Hove-singularities at the Mpoint of the Brillouin zone boundary, or the high-energy π-plasmon which with high high peak (about 5 eV) in the low-ω region of the energy loss function [2] . The Van Hove-singularities with high density also with highest value of the interband transition matrix element. The screened two-dimension Coulomb potential within RPA reads
For bilayer system, the Coulomb potentail can be rewritten as [28, 29] 
where d ≈ 2.5Å is the interlayer distance,
is the Fourier transform of two-dimension bare Coulomb interaction (propagator). For the Bulk structure formed by the multi layers , like the graphite, multi-layer black phosphorus or silicene, the Coulomb potentail reads
where
with q z the out-of-plane component of the scattering vector. The response function [28, 30] for the disturbance can be obtained by the above Couomb potential through the relation
where V is the Coulomb propagator in corresponding dimension. Then the response function can yields the propagator of the charge density as a causal result, which can be related to the temperature in the fluctuation-dissipation theorem, and reads S(q, ω) = It's known that the interband electron-hole pair excited from the, e.g., plasmon which is a collective model of the oscillating electrons, can only exist in the regime of ω > v F q. In this regime, the interband transition in optical limit can also be described by the dynamical structure factor
which is complex due to the broken of inversion symmetry in silicene. For a large range of the photon energy, we can find three peak (two small peak and one main peak) in the optical absorption of the silicene. In fact, the optical absorption is in a similar shape with the energy-loss function (or dielectric-loss function). As shown in Fig.4 , where the results for zero on-site Hubbard interaction and nonzero on-site Hubbard interaction are presented, the two smaller peak in the absorption and energy-loss function can be seen as indicated, they are locate in 2 eV and 5 eV respectively. The former one is due to the π-plasmon and the later one is due to the π + σ plasmon. Here the strength of the Hubbard interaction is setted close to the nearest-neighbor Coulomb interaction strength [16] , and it has been found related to the phase-transition characters of the silicene [3] . However, we also notice that there are a deprssed peak for the absorption in around 5 eV which can't found in the energy-loss function.
In the presence of the local field effect, this devation can ne explained by the three optical bright excited electron-hole state [32] . The anisotropic dispersion of π-plasmon creases a sixfold pattern of the charge density [30] , which may be related to the hexagonal warping of the graphene due to the high energy. Moreover, the excitonic resonant effect can be found in the absorption spectrum near the Van Hove singularities while the multi-photon resonance can be found in the range of negative photon energy (frequency). Through the dynamical polarization depicted in the q ∼ ω space as shown in Fig.1 , the results for the negative frequency can be obtained easily by the idensity which is causal:
which is devived from the generate result Π(q, −ω) = (Π(q, ω)) * . We want to note that, except the above dynamical optical absorption −Im[1/ǫ(0, ω)], the π-plasmon and the π + σ plasmon cab also be probed by the dynamical electron density (mainly the valence electrons) [30] in low-momentum regime or the X-ray scattering method [31] which is causal and related to the retarded response function as mentioned above, and it's valid for both the two-dimension or three dimension materials.
Correction from the self-energy and vertex function
It's known [3] that the vertex correlation function Γ is associated with the jumping of the self-energy with different spectral weight in the single particle excitation spectrum (with the electron-hole pairs), and it's important for the variant cluster approximation. In the presence of the impurities scattering, the vertex correlation function arised with the lifting of Fermi level, which leads to the segmental structure of energy spectrum, and thus increase the cancellation effect [35] to the Hall conductivity. Otherwise it can be ignored if Fermi energy is close to zero and thus it's compeletely spin-dependent, as seen in the single-site DMFT [3, 36] . For multilayer system, although the vertex function is piecewise for a finite Fermi energy, it can be ignored for the case of m D = 0 and with zero interlayer hopping through the vertex renormalization [37] .
Here we define the unscattering lattice Green's function
Then the single-site Green's function can be written as
where the three point vertex function Γ(q, k, k+q) ∝ Σ(q, ω)−Σ(k, Ω) comes from the jump of self-energy and in the direction normal to the boundary between different pieces with different segments.
is the screened Coulomb interaction, where dielectric function can be obtained as
as we depicted in the Ref. [2] . Here we note that the above single-site Green's function is for the zero-temperature case where the thermal free energy does not taken into accout, while the detail about the case with finite temperature has presented in our previous work [36] . The dynamical polarization involving the self-energy correction in momentum space reads
is the angle between q and k + q with φ the angle between k and q.
The resulting dynamical polarization as well as the longitudinal conductivity in neutral gapless silicene are presented in Fig.6 . Here the chemical potential is setted as zero for the invariance of the Fermion density [38] (also the current-current correlation) From Fig.6(b) we can see that the longitudinal conductivity is increased. But in optical limit, the longitudinal conductivity is still independent of the ω which is similar to the uncorrected one as mentioned above.
Considering the vertex correction, the resulting polarization function reads [10] 
Plasmon frequency
In this section, we discuss the plasmon frequency of the doped silicene. Base on the approximation of zero imaginary part of the polarization, i.e., ImΠ(q, ω) = 0, the plasmon frequency can be approximately obtained by solving the relation ReΠ(q, ω) = V −1 0 . Thus base on the equations deduced in the main text, the plasmon frequency (for chemical potential larger than the Dirac-mass) can be obtained, including the ones after the self-energy correction and vertex correction. It's found that, in the three-dimension weyl semimetal with chiral anomaly, the metallic nature supports the existence of the plasmon model [39, 14, 40, 13] . The chiral anomaly is due to the electromagnetic response which acts as E · B = 0 and thus related to the Berry gauge field (Berry curvature) origin from the magnetic monopole and induce two weyl nodes and the chirality-dependent chemical potential. Except the chiral anomaly, the other anomalous effects in the presence of electromagnetic field as well as the Berry curvature have been discussed in Ref. [8] .
Through the computation, we found not plasmion model exist in the case of µ < m D , while for case of µ > m D , where we set µ = 2 eV and m D = 0.15 eV, the plasmon models are presented in the Fig.7 . In Fig.7 , we show the results of the plasmon model obtained by solving:
0 , which correspond to the green circles, red triangles, and blue squares, respectively. Here α is the decay rate of the plasmon which vanish in the RPA. The plasmon dispersion of the silicene and 2DEG are also presented in the Fig.7 . We can see that, in small momentum regime, the plasmon dispersions are well agree with the √ q-behavior which suitable for the low-energy plasmon as we have presented in the Ref. [1] . The long-wavelength result are for the small-q limit, but in the order of q = 0, the ω p = 0 due to the logarithmic correction [13] .
Here the regions in q ∼ ω space with Dirac-mass m D = 0.15 eV can also be observed in graphene or other two-dimension Dirac materials [1, 2] as well as the Weyl semimetals [13] , while for the three-dimension trivial materials, the boundary of the single-particle excitation region is determined by the relation ω = 2 q 2 2m ± v F q. The quasiparticle chirality of the silicene [17] and the hexagonal warping (with antiparallel spin (or pseudospin)) [2] suppress the backscattering of the Dirac Fermions, and thus reduce the overlap of the spinor, that may leads to a faster decay of the Friedel oscillation which is ∼ r −4 (for large r) as found in the Weyl semimetal [13] , that can't be found in the graphene.
Base on the our previous results about the real part of the dielectric function (Reε(q, ω)) in Ref. [2] where the backgroud dielectric constant is ǫ 0 ǫ = 2.45, we conclude that there does not exists the excitonic plasmons under such background dielectric constant since the result is positive (Reε(q, ω) > 0) in the ω < v F q regime (see Fig.4 and Fig.7 of Ref. [2] ), but such excitonic plasmon can be found for the case of ǫ 0 ǫ = 7.3 as stated in Ref. [10] .
Conclusion
The behavior of the Dirac Fermions, including the propagation of the charge density which exhibits the causality, affects largely the low-temperature physics (including the pairing instability). For the polarization-related quantities (like the dielectric function), the method of standard random phase approximation (RPA) only provides the non-interaction results, it underestimates and overestimates the dielectric function for ω < v F q and ω > v F q, respectively. The longitudinal conductivity, which independent of the ω in small q limit, also needs an inverse logarithmic correction (the self-energy correction) in the optical limit, after the self-energy correction, we find the longitudinal conductivity increase. In the renormalization treatment, the ultraviolet cutoff is setted as Λ = t in our calculations, i.e., within the range between two Van Hove singularities where the density of states divergent logarithmically. The Λ is indeed a non-universal parameter and can also be choiced larger than arbitary q or ω. The (corrected) screened Coulomb interaction and the response function are also calculated, as well as the optical absorption of the radiation. Our results are helpful to the application of the Dirac materials (or Weyl sememetal) in spintronics or valleytronics. ((c) and (d)). Note that the gray regimes are with very large value (e.g., see Ref. [1, 10, 31, 32] ) including the unphysical behaviors which we don't show here. 
